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SKEW PRODUCTS OF DYNAMICAL SYSTEMS

BY
EIJUN KIN

Abstract. In 1950-1951, H. Anzai introduced a method of skew products of dy-
namical systems in connection with isomorphism problems in ergodic theory. There is
a problem to give a necessary and sufficient condition under which an ergodic skew
product dynamical system has pure point spectrum. For the special case, translations
on the torus, he gave a partial answer for this question. However, this problem has
been open in the general case.

In the present paper, we generalize the notion of skew products proposed by Anzai
and give a complete answer for this problem.

1. Introduction. A method of skew products of dynamical systems, which is
powerful to examine the geometrical structures of trajectories in dynamical systems,
was first studied by H. Anzai [1] in connection with isomorphy problems in ergodic
theory. In order to explain the method of skew products, we now take the typical
one. Let {T, : —oo<t<oo} be a measurable flow on a probability measure space
(X, F%, myx), {S;: —oo<t<oo} be a measurable flow on another probability
measure space (Y, %, my) and (Q*, #*, m*) be the direct product measure space
of (X, %, myx) and (Y, %, my). Further, let a(x) be a positive integrable function
on X. Put

t
lt, 9) = | T ds,

then the function «(f, x) is measurable in (#, x) and possesses the additivity
a(t+s, X)=aft, x)+ o(s, T;x) for any ¢, s and for almost all x € X (cf. Hopf [2, p. 43]).
We assume that the set {(¢, x, ) : Se¢.xy € E} belongs to the direct product
o-field ' @ % ® F for every E € %, where #' is the Borel o-field on the real line
R, Let us set

Z(x, y) = (Tx, Sa¢t,0))

then we obtain a measurable flow {Z, : —o0 <t<o0} on (Q*, #*, m*), and such a
flow {Z,} is called an ordinary simple skew product flow of {T;} and {S;} with one-
dimensional parameter.

The purpose of the present paper is to generalize this fact and to study the ergodic
and the spectral properties of such dynamical systems.
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Skew product dynamical systems have not only a noticeable interesting property
which cannot be observed in the direct product dynamical systems (see Anzai [3]
and Kin [4]) but a treasured application to the random ergodic theory (cf. Anzai
[3], Kakutani [5], Ryll-Nardzewski [6], Gladysz [7], [8] and Kin [9]). But we do
not discuss them minutely in our present paper. In §2 and §3 we are going to general-
ize the Anzai definition of a skew product dynamical system and to prepare the
basic concepts for the later use. In §4 the criteria for ergodicity and proper values
are considered for a generalized simple skew product flow. In §5 we discuss the
spectral properties of such a flow. In §6 we extend the considerations of §3, §4 and
§5 to the case of the generalized N-fold skew product flows.

It is easy to see that two ordinary simple skew product flows {Z® : t € R%}
and {Z{® : te R%} with d-dimensional parameter built up respectively by the
functions oy(f, x) and ay(f, x) such that «,(z, x) is homologous to «y(t, x) are
spatially isomorphic to each other. Conversely, one can ask whether o« (¢, x) is
homologous to (%, x) or not when the skew product flow {Z{V} built up by «,(¢, x)
is isomorphic to the skew product flow {Z{®} built up by «,(t, x). We have not been
able to show the complete answer to this question, but a partial positive answer
together with the brief informations about the property and the application stated
above is established in the final section.

The author would like to express his deep thanks to Professor H. Nomoto and
Dr. I. Kubo for fruitful discussions and suggestions.

2. Preliminaries. By a probability measure space we mean a triple (X, %, mx)
where X is a nonempty abstract set, % is the Borel o-field of subsets of X and my
is a probability measure on %. Let G be a locally compact separable Abelian
group and Z the topological Borel o-field on G.

DErFINITION 2.1. A system {7, : g € G} of transformations on (X, %, my) is
called a generalized measurable flow on the space if the following conditions are
fulfilled :

(i) for each g € G, T, is an automorphism of the space,

(i) T,,-T,,=T,,,, and T,=identity (e: the unit element of G),

(iii) the mapping (g, x) = T,x from G @ X to X is # ® Fx-measurable(?).

Take G=R% Then {T; : t € R%} is said to be an ordinary measurable flow with
d-dimensional parameter. When G=2Z¢, where Z* denotes the set of all integers,
{T, : ne Z% is called an ordinary d-parameter discrete flow. We say that a general-
ized flow {T,} is ergodic provided that if f is measurable and if f(T,x)=f(x) for
almost all x € X and all g € G, then fis constant almost everywhere (i.e., the only
invariant functions are constant a.e.). A generalized flow {7,} is said to have a
proper value function A if there exists an integrable function f such that f(T,x)

(*) Where no confusion can arise, we shall employ the symbol {T,} instead of {T, : g € G}
throughout this paper.
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=X(g)-f(x) for almost all x € X and all g € G, where A is a continuous homomor-
phism from G into the unit circle in the complex plane. Then we call the function
f a proper function of {T,} corresponding to A. Evidently G=2s({T,}), where G
stands for the character group of G and s({T,}) stands for the set of all proper
value functions of {T,}.

DEFINITION 2.2, We say that a generalized flow {7,} on (X, %, myx) has pure
point spectrum if the class of proper functions of {T,} becomes a complete or-
thogonal basis of L,(X) which is the Hilbert space consisting of complex valued
square integrable functions defined on X.

The argument for a measurable flow on an abstract probability measure space
can be changed to that of a measurable flow on a compact Abelian group equipped
with a suitable regular Borel measure. By a slight modification of the method of
Foias [10], we can easily show the following

THEOREM 2.1. For a generalized measurable flow {T, : g € G} on a probability
measure space (Q, %q, mg), there exist a compact Abelian group X endowed with a
normalized regular Borel measure my and a generalized measurable flow {S, : g € G}
on X which is homomorphic to {T,}.

Proof. Cf. Kin [11].

The well-known theorem of von Neumann [12] assures that if {T,} is ergodic
and has pure point spectrum, then the measure my in the theorem can be taken to
be a normalized Haar measure. Now let us mention a few examples concerning
generalized flows.

ExampLE 2.1. Suppose E is an infinite-dimensional real nuclear space, M is its
completion by the continuous Hilbertian norm of E, X is the conjugate space of E
and G=0(M), where O(M) is the group formed by all linear and orthogonal
operators acting on M. Then we obtain a generalized flow {7, : g € G} on the
probability measure space (X, %y, my) in which my is a Gaussian measure defined
on the o-field #; generated by all cylinder sets of X. For the existence of such a
flow, see Nomoto [13].

ExaMmpLE 2.2. Let (Q, &, m) be a probability measure space and I an infinite
set, for instance, the set of all integers or all real numbers. We consider a group G
of all permutations of I and for each g € G, we define a G-index automorphism T,
of the product space (Ke; 2, Ricr #, Qier m) as follows:

Tw :i€l) = (wgyy:i€l), (w:iel)e@ Q.

iel

Then {T, : g€ G} is a generalized flow on the product space. For ergodicity of
such a flow, we refer the reader to Kin [14].

3. Generalized simple skew product flows. The aim of this section is to generalize
the Anzai’s formulation about skew products to multi-parameter cases.
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To begin with, we shall define some fundamental concepts provided for our later
employment. There is given a generalized measurable flow {7} on a o-finite measure
space (X, %y, my) (my is a o-finite measure on ). Suppose a function «(g, x) is
defined on G ® X and takes its values in G.

DEerINITION 3.1. A function (g, x) is said to be a Borel cycle with respect to
the flow {T,} provided that the function «(g, x) is Borel measurable in (g, x) and
satisfies the relation:

(8182, X) = g1, X)- (g3, Tglx)

for any g,, g, € G and for almost all x € X.

We consider the collection I'(X) of measurable function 6(x) defined on X
taking its values in the unit circle in the complex plane, and by H(X) we mean the
family of complex valued measurable functions ¢(g, x) defined on G ® X such
that, for some 0(x) € ['(X), ¢(g, x)=0(T,x)- 8(x)~* holds almost everywhere on X
for all ge G.

DErINITION 3.2. Let ,(g, x) and (g, x) be two complex valued (g, x)-measur-
able functions with the absolute value one. With respect to the flow {7,}, the
function ¢,(g, x) is said to be homologous to the function (g, x) if (g, x)
(g, x)~* belongs to H(X).

Suppose there is given a family {S, ., : g € G} of transformations on another
o-finite measure space ( Y, %, my) satisfying that

(i) for each (g, x) € G ® X, S, is an automorphism of (Y, %, my),
(1) Sigy-03,0Y=Stg.1,, " Sie;, 0y holds almost everywhere on X ® Y for any
gh g2 € Gs

(iii) both the set {(g, x, ») : S,y € E} and the set {(g, x, y) : SG L,y € E} belong
to # ® Fx @ %, where E is an arbitrary Fy-measurable set(?).

Denote by (Q*, #*, m*) the direct product measure space of the two spaces
(X, %%, my) and (Y, F, my). Using {T,} and {S,,.,} mentioned above, we define
the transformation group {Z, : g € G} as follows:

Zﬂ(x’ y) = (Tﬂx9 S(a.x)y)

for all g € G and all (x, y) € Q*. Then it follows from the hypotheses granted to
{T,} and {S,, .} that {Z } is a measurable flow. We call this {Z;} a generalized 1-fold
skew product (or a generalized simple skew product) flow on the o-finite measure
space (Q*, #*, m*) built up by {T,} and {S,, .} If we take G=R* (G=Z1),
{Z,: te R% ({Z,: neZ%) is called an ordinary simple skew product (discrete)
flow with d-dimensional parameter.

ExaMPLE 3.1. Let {T,: 1€ R% and {S; : 1 € R%} be ordinary measurable flows
on (X, %, my) and (Y, %, my) respectively. Furthermore, let «(t, x) be a Borel

(?) We say that if the family {S, .} satisfies the condition (ii), this family is a quasigroup
with respect to {T}.
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cycle with respect to {T;}. Under the consideration of the measurability condition
(iii), the ordinary simple skew product flow {Z,} on Q* is given by

Z(x,y) = (Tx, Sat,0))-

When d=1, X=Y=R! and when both {T}} and {S,} are the 1-translations on R!,
the flow {Z,} runs as follows:

Z(x,y) = (x+t, y+olt, x)).

In this case, it was shown by Anzai [3] that for any Borel cycle o(t, x) with respect
to {T3}, there exists a measurable function B(x) on X such that «(z, x) =B(T;x) —B(x).
Moreover, he proved that, if X=[0, 1), for any Borel cycle «(¢, x) with respect to
a periodic motion {7} on X with frequency one, there exist a constant ¢ and a
measurable function B(x) on X such that

oft, x)—c-t = B(Tx)—PB(x) (mod 1).

EXAMPLE 3.2. Let T be an automorphism of (X, %, myx) and {S,: g€ G} a
generalized measurable flow on (Y, %, my). We assume that «(x) is a measurable
function defined on X taking its values in G. Then we have a skew product auto-
morphism Z of (Q*, #*, m*) defined as follows:

Z(x, y) = (Tx, Sa(x)y)-

Of course, we assume that {S,,,} satisfies the measurability condition similar to
(iii) (cf. Anzai [3]).

In the case of G=R! and X=Y=R!, if T is the 8-translation and if {S,} is the
1-translation on R, then the automorphism Z runs as follows:

Z(x,y) = (x+38, y+a(x)).

Anzai [1] studied the ergodicity, the mixing and the spectral properties of such a
skew product automorphism Z in the case of X=Y=[0, 1).

ExaMpLE 3.3. Let {T, : g € G} be a generalized measurable flow on (X, %, my)
and Y a locally compact Abelian group with Haar measure. Suppose (g, x) is a
Borel cycle with respect to {T,} and = is a homomorphism from G into Y. On
making use of =, we have a generalized canonical flow {S, : g € G} on Y given by
S,y=m(g)-y. We assume further that {S,,, .,} satisfies the condition (iii). Then we
obtain the generalized simple skew product flow {Z, : g € G} defined as follows:

Zy(x,y) = (Tyx, Ag, X)),

where A(g, x)=7(a(g, X)), i.e. A=7 o a.

The theorem of von Neumann implies that in order to study the generalized
simple skew product flow {Z,} of a measurable flow {T,} on a probability measure
space and an ergodic measurable flow {S,} on another probability measure space
with pure point spectrum, it is sufficient to analyze the skew product flow {Z;}
given in Example 3.3.
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4. Point spectra. In this section we deal with the generalized simple skew
product flows as given in Example 3.3, and we shall characterize the ergodicity
and the proper value functions of such flows by means of the homology of Borel
cycles.

Let (X, %, my) be a probability measure space on which a generalized measur-
able flow {T,} is given, and let Y be a compact Abelian group equipped with the
normalized Haar measure my, on which a generalized canonical flow {S,} is given.
Suppose (g, x) is a Borel cycle with respect to {7} and {S,(,, »)} satisfies the measur-
ability condition (iii) in §3. We denote by ¥ the character group of ¥ and note that
the function A(g, x) given in Example 3.3 is a Borel cycle.

THEOREM 4.1. A generalized simple skew product flow {Z,} of {T,} and {S,} built
up by A(g, x) is ergodic if and only if {T,} is ergodic and for any § € ¥ with §#é
(é: the unit character), p(A(g, x)) ¢ H(X), that is, the Borel cycle o A is not
homologous to one.

Proof. To prove the “if” part, we suppose {7} is ergodic and $(A(g, x)) ¢ H(X)
for any y € Y with $#¢é. If the flow {Z,} is not ergodic, then there exists a noncon-
stant function A(x, y) in Ly(Q*) such that

“4.1) hZ,(x,y)) = h(x, )

holds for all g € G and almost all (x, y) € Q*. Consider the function f(7; x) defined
by

(42) 539 = [ 1, 7)5(3) dma(3)

for any y € Y. From (4.1) and (4.2), we get
4.3) f(; x) = 3(A(g, )~ (P; Tpx).

On noticing that ¥ is a complete orthonormal system of Ly(Y), the ergodicity of
{T,} implies that there exists a character J, in ¥ with ¢ such that

(4.4) [/ X)| = |1($o; Tox)| = (o)

where c($,) is some positive constant. Fix such a character y,. There exists a
function 8(x) in I'(X) such that

4.5 S(Po; x) = c(Fo)- ().
By replacing the function f(#; x) in (4.3) by the function f(j,; x) in (4.5), we obtain
(4.6) Jo(A(g, x)) = (T ,x)-0(x)"*,

which contradicts our assumption.

Conversely, suppose {Z,} is ergodic. It is clear that {7,} becomes ergodic.
If $(A(g, x)) € H(X) for some § € ¥ with $#¢é, there exists a function 8(x) in I'(X)
preserving the equality (4.6). For these 6(x) and $(y), take h(x, y)=0(x)y(y) .
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Although A(x, y) in Ly,(Q*) is not a constant function, it is invariant under the
flow {Z,}. Consequently, these contradictions complete the proof of the theorem.

REMARK 4.1. If for an ordinary measurable flow {T; : r € R%} on (X, %, my)
with d-dimensional parameter, there exist a d-dimensional real vector A in R¢
and a function f(x) in L,(X) such that f(T;x)=exp i{A, t>-f(x) for almost all x € X
and all £ € R%, X and fare called a proper value and a proper function corresponding
to A respectively. By putting A(f)=exp i{A, t>, where (A, t)> denotes the inner
product of A and ¢ in the space R?, the proper value A may be understood as a
proper value function of {T;} (see §2). We recall that the flow {T}} is said to have
pure point spectrum if L,(X) can be spanned by the orthogonal system consisting
of its proper functions.

COROLLARY 4.1. Let {T, : t € R%} be an ordinary measurable flow on (X, %x, my)
and {S, : t € R%} an ordinary measurable flow on another probability measure space
(Y, %, my) with pure point spectrum. Moreover, let o(t, x) be a Borel cycle with
respect to {T,}. In consideration of the measurability condition (iii) in §3, the ordinary
simple skew product flow {Z,} of {T,} and {S.} built up by oft, x) is ergodic if and only
if{T,} is ergodic and, for any nonzero proper value r of {S,}, exp i{r, o(t, X)) ¢ H(X).

COROLLARY 4.2. When we take Y=[0, 1) and the flow {S;} to be a periodic
motion on Y with frequency a in R, i.e. S;y=y+<a, t)> (mod 1) in the preceding
corollary, the ordinary simple skew product flow {Z.} is ergodic if and only if {T}} is
ergodic and for any nonzero integer p, exp ip-<a, o(t, x)) ¢ H(X).

The next corollary generalizes the criteria due to Anzai [1].

COROLLARY 4.3. Let T be an automorphism of (X, %, my) and {S,: t € R%}
an ordinary d-parameter measurable flow on (Y, %, my) with pure point spectrum.
Further, let «(x) be a measurable function defined on X taking values in R®. The skew
product automorphism Z of T and {S,} built up by «(x) is ergodic if and only if T is
ergodic and exp i<r, o(x)) ¢ H(X) holds for any nonzero proper value r of {S,}.

THEOREM 4.2. Let {Z,} be the generalized simple skew product flow as in Theorem
4.1, and suppose {T,} is ergodic. A is a proper value function of {Z,} if and only if there
exists a character $ in Y such that $ (A(g, x)) is homologous to X(g).

Proof. Suppose A€ s({Z,}). Then there exists a nonzero function A(x, y) in
L,(Q*) such that

4.7 h(Zy(x, y)) = Xg)-h(x, y).

Let us define the function f(§; x) as follows:

48) £ %) = f h(x, )9(») " dmy(y)
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for any y € Y. It follows from (4.7) and (4.8) that
4.9) S5 %) = §(A(g, x))-A(g)~1-f(P; Tox).

Since Y is a complete orthonormal system of L,(Y), the ergodicity of {T,} assures
that there exists such a character J, in Y that (4.4) holds for some positive constant
¢(Po). Thus we acquire the expression of the function f{(¥,; x) as in (4.5) for some
6(x) e I'(X), so that, by replacing the function f(j; x) in (4.9) by the function
f(Jo; x) in (4.5), we get

(4.10) Fo(Ag, XDA(g) ™ = o(Tex)-o(x) 7%,

where o(x)=0(x)~! € ['(X), that is to say, yo(A(g, x)) is homologous to A(g).

To show the converse, suppose there exists a character $ in ¥ such that $(A(g, x))
is homologous to A(g). Then we can choose a function 8(x) in I'(X) for which
(4.10) holds. To complete the proof, it suffices to consider the function A(x, y)
=0(x)~'p(»). Indeed, it is a simple matter to show that A is a proper value function
of {Z,} which has the corresponding proper function h(x, y). Hence, the proof of
the theorem is completed.

COROLLARY 4.4. Let {T,} and {S,} be as in the hypothesis of Corollary 4.1. Further-
more, let {T,} be ergodic. The ordinary simple skew product flow {Z.} of {T.} and {S;}
built up by o(t, x) has a proper value A if and only if there exists a proper value r of
{S.} such that exp i{r, «(t, x)) is homologous to exp i{A, t> with respect to {T}.

COROLLARY 4.5. Let {T;} and {S,} be as in the hypothesis of Corollary 4.2. Suppose
{T,} is ergodic. Then the ordinary simple skew product flow {Z;} of {T;} and {S}
built up by «(t, x) has a proper value X if and only if there exists an integer p such that
exp i-p-<{a, «t, x)> is homologous to exp i), t> with respect to {T.}.

The following generalizes the result obtained by Anzai [1].

COROLLARY 4.6. Let T and {S,} be as in the hypothesis of Corollary 4.3, and let T
be ergodic. X is a proper value of the skew product automorphism Z of T and {S}
built up by o(x) if and only if there exists a proper value r of {S;} such that
exp i{r, «(x)> is homologous to exp i- A with respect to T.

THEOREM 4.3. Let {Z,} be an ergodic generalized simple skew product flow as in
Theorem 4.2. A nonconstant function h(x, y) in Ly(Q¥) is a proper function of {Z,}
corresponding to a proper value function X with A#1 if and only if there exist a
function 0(x) in T(X) and a character $ in Y such that $(A(g, x))-Mg)~*
=0(T,x)~*-0(x) and h(x, y)=c-68(x)$(y) for some constant c.

Proof. Since the proof of the “if” part is clear, it is sufficient to show the “only
if” part. From the hypothesis, we have the relation (4.7). Consider the function
f(§; x) defined by (4.8). Then, by virtue of (4.7) and (4.8), we obtain the equality
(4.9). There exists a character §, in ¥ such that the equality (4.4) holds for some



1972) SKEW PRODUCTS OF DYNAMICAL SYSTEMS 35

positive constant c(J,) because Y is a complete orthonormal system of Ly(Y).
Accordingly, we get a function 8(x) in I'(X) which satisfies (4.5). By using the func-
tions 6(x) and yo(y), put é(x, y)=0(x)-Jo(y). It is not difficult to see that &(x, y)
together with the function A(x, y) is also a proper function corresponding to A.
The ergodicity of {Z,} asserts that A is simple, namely, for some constant ¢, A(x, y)
=c-§(x, y) as was to be shown.

COROLLARY 4.7. Let {T, : t € R%} be an ordinary ergodic measurable flow on
(X, %z, mx) with d-dimensional parameter. A function f(x) in Ly(X) is a proper
Sfunction corresponding to the proper value X of {T}} if and only if there exists a function
0(x) in T'(X) such that, for some constant c, f(x)=c-0(x) and expilA,t)
=0(Tx)0(x)~.

This corollary generalizes the theorem due to B. O. Koopman (von Neumann
[12, p. 625, Theorem 4)).

ReEMARK 4.2. Theorem 4.1, Theorem 4.2 and Theorem 4.3 established in this
section are also true for skew product automorphisms. In fact, let T be an auto-
morphism of (X, %, my), {S, : g € G} a generalized canonical flow on Y which is a
compact Abelian group equipped with the normalized Haar measure (see Example
3.3) and o(x) a measurable function defined on X taking values in G. For T,
{S,} and A(x)=m(c(x)), we consider the skew product automorphism Z given
under the measurability condition (cf. Example 3.2) as follows: Z(x,y)
=(Tx, A(x)-y). Then we have the following results analogous to the theorems for
flows.

(I). The skew product automorphism Z is ergodic if and only if T is ergodic and
for any § e ¥ with p#¢é, §(A(x)) ¢ H(X).

(II). Let T be ergodic. A is a proper value of Z if and only if there exists a charac-
ter § in ¥ such that $(A(x)) is homologous to A.

(IIT). Suppose Z is ergodic. A nonconstant function A(x, y) in Ly(Q*) is a proper
function of Z corresponding to a proper value A with A#1 if and only if there
exist a function 6(x) in I'(X) and a character § in ¥ such that $(A(x))-A-?
=60(Tx)~*-0(x) and h(x, y)=c-0(x)-$(y) for some constant c.

5. Pure point spectra. In this section we treat of the generalized simple skew
product flow {Z,} of {T,} and {S,} built up by the Borel cycle A(g, x) as in the hy-
potheses of §4, and we shall discuss the spectral properties of such flows.

LeMMA 5.1. Let {Z,} be ergodic. The following statements hold:
(i) the mapping ¢: X — P, is a homomorphism of s({Z,}) into Y,
(ii) the kernel of $(Ker (4)) is equal to s({T,})(®).

(®) Let ¢, be the homomorphism of {1} into s({T,}) and ¢, the homomorphism of s({T;})
into s({Z,}) given by ¢,(2)=A for any A € s({T;}). The latter is justified by the fact that s({Z,})
contains s({T,}) in the natural sense. Then this lemma implies that the chain {1} 20, s({T,})
21 s({Z,) 25 Y is an exact sequence.
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Proof of (i). In the preceding section we have shown that for any A € s({Z,}),
there exists a character $, in ¥ such that $,(A(g, x)) is homologous to A(g) (see
Theorem 4.2). And Theorem 4.1 guarantees that for any A € s({Z,}), there exists the
unique element §, in ¥, so that the mapping ¢ is well defined. Suppose $(A) =7,
and ¢(p)=p, for any A, pes({Z,}). There exist two functions 6(x) and o(x) in
I'(X) such that

PA(A(g, x))-A(g)~ = O(Tyx)-0(x)~*,
Pu(A(g, x))-u(g) ™! = o(Tex)-a(x)~ .
Thus,

(.1 (Pa-Fu)(A(g, X))(A-1)(g) ™" = (0-0)(Tox)(0-0)(x) .

Since A-u € 5({Z,}), the corresponding element $,., exists in ¥, hereby, for some
p(x) € (X)),

(52 Pru(A(g, DA)(g) ™t = p(Tex)p(x) ™.
From (5.1) and (5.2), we get
(Prul Pr-PulA(g, X)) = (p/0- ) (T x)(p[0-0)(x)~*.

Again, the ergodicity of {T,} (Theorem 4.1) asserts y,,=J,-y, which implies that
¢ is an into homomorphism.
Proof of (ii). Let A belong to Ker (¢). Then, for some 8(x) € I'(X),

(5.3) Ag)™ = U(Tox)-0(x)~%,

and when we put 6~(x)=0(x) "1, Ais a proper value function of {7,} which has the
proper function §-(x) corresponding to it, i.e. A €s({7T,}). Conversely, suppose
A belongs to s({T,}). This set s({T,}) is included in the set s({Z,}) in the natural
sense. Note that there exists a function 6(x) in I'(X) for which (5.3) holds. In this
case, the uniqueness of the correspondence between A and , implies ¢(A)=é, i.e.
A € Ker (¢), which completes the proof.

THEOREM 5.1. Let {Z,} be ergodic. {Z,} has pure point spectrum if and only if the
mapping ¢ is a homomorphism of s({Z,}) onto Y and {T,} has pure point spectrum.

Proof. Suppose {Z,} has pure point spectrum. We begin by proving that the
mapping ¢ is a homomorphism of s({Z,}) onto Y. According to Lemma 5.1, it
suffices to show that ¢ is onto. If there exists a character , in ¥ such that $,(A(g, x))
is not homologous to X(g) for all A € s({Z,}), this character J, is not constant and,
of course, not equal to é. Let f(x, y) =J(»), then f(x, y) € Ly(Q*). Our assumption,
combined with Theorem 4.3, implies that the family

{h(x,y) = cAx(x)I\) : Aes({Z,})}
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turns to a complete orthogonal system of L,(Q2*). Clearly, we have

[ [, £ 2, ») dma(x) dmy(3) = 0

for all h,(x, y) belonging to the family, from which the function f(x, y) is iden-
tically equal to zero. This contradiction shows that the mapping ¢ is onto. Next
let A, be the closed linear subspace of Ly(Q*) which is spanned by {h,(x, y)} for
yr=E€. The unitary operator group {W,} on %, induced by {Z,} is evidently equiva-
lent to the unitary operator group {U,} on Ly(X) induced by {T,}(*). Since {W,}
has pure point spectrum on L,(Q*), {W,} on %, must have pure point spectrum.
These facts show that {T,} has pure point spectrum. Conversely, to show that {Z,}
has pure point spectrum, we suppose the homomorphism ¢ is onto and {T,} has
pure point spectrum. For any character j € ¥, there exists a A in s({Z,}) and a
function 6(x) in I'(X) such that (4.10) holds. Making use of the functions 6(x)
and (), define A(x, y)=0o(x)§(y), where o(x)=60(x)~*. Then this function A(x, y)
is obviously a proper function of {Z,} corresponding to A. By %; denote the family

{o(x)p(») : o(x) e T(X), $(y) € Y and the pair (¢~1, ) satisfies (4.10)}.
Set

(5.4)  £oo(x, ¥) = ox(x)P(»), Noaw.o(X ¥) = 0% ¥) Eunlx, y) 1.
If £,.0(x, y) and £,.9(x, ¥) are in U, then we acquire, by (5.4),

N, X ) N Zo(X, ¥)) 1 = (02/0,)(X)(or/o)(Tex) ™t = (1/A)(g).

Therefore, A-p~* e s({T,}) and the function (o,-o;})(x) is a proper function of
{T,} corresponding to A-x~?. In this case, it is easily verified that if A pu, then the
functions £ 4(x, ) and £, 4)(x, y) are orthogonal to each other because of the
ergodicity of {T,}. To complete the proof of the theorem, it has to be proved that
the family %, is complete in L,(Q*). To do this, suppose that for any f(x, y)
€ L,(Q*),

5.5 [ ], 05 910055 dma(x) dmy(3) = 0

holds for all o(x)p(y) € %;. The equality (4.10) with respect to ¢~! and y and
Corollary 4.7 for a generalized ergodic measurable flow show that if =¢, then
Aes({T,}), and that o(x)=6(x)~?! is a proper function of {T,} corresponding to A.
In such a case, we shall denote by o,(x) the proper function o(x). Since the flow {T,}
has pure point spectrum and s({7,})<s({Z,}), the family

{oa(x) = 6:x(x) 7" : Aes({T,})}

(*) Here “equivalent” means “‘unitary equivalent”, i.e. there exists a unitary operator V
such that for any g€ G, V- W,=U,- V.
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is a complete orthonormal system of L,(X). Hence, it follows from the facts
mentioned above that (5.5) implies that f(x, y)=0 because Y is a complete ortho-
normal system of L,(Y). Consequently, we conclude the assertion of the theorem.

THEOREM 5.2. Let Z be the ergodic skew product automorphism of T and {S,}
built up by A(x) as in Remark 4.2 of the preceding section. Z has pure point spectrum
if and only if the mapping $: A — 9 is a homomorphism of s(Z) onto Y and T has
pure point spectrum.

Owing to the well-known theorem of von Neumann, our results assert that an
ergodic skew product dynamical system has pure point spectrum if and only if it
is conjugate to the ergodic direct product dynamical system consisting of its
component systems having pure point spectrum.

COROLLARY 5.1. The generalized simple skew product flow {Z,} has pure con-
tinuous spectrum (weakly mixing property) if and only if s({T,})={1} and ¢(s({Z,}))
={é}.

COROLLARY 5.2. The skew product automorphism Z has pure continuous spectrum
(weakly mixing property) if and only if s(T)={1} and $(s(Z))={¢}.

REMARK 5.1. It is to be noticed that s({S,})={1} is not necessarily required in
the Corollaries 5.1 and 5.2, and we shall mention it in the final section.

REMARK 5.2. If the skew product flow {Z,} is ergodic and has pure point
spectrum, then Theorem 5.1, combined with Lemma 5.1, shows that the chain

1) —> s(T) 2 sqzp 2 7 — (1)

is an exact sequence (see footnote 3). However, it does not always follow that the
converse holds.

6. Generalized N-fold skew product flows. In the sequel, we shall utilize the
notations used in the preceding sections by changing the transformations or the
spaces.

Let (X, %, my), 1Sk <N+1 (N: a positive integer), be o-finite measure spaces
and (Q¥, 1, Z% .1, my,,) the direct product measure space of the spaces. For a
generalized measurable flow {T;} on (X;, %, m,), we assume that there are given
the families {S,x,....,xolx=1 Of transformations satisfying that, for each k,

(i) Se,x,.....x, is an automorphism of (X, 1, Fic+ 1, My41) for any (g, xi, . . ., Xi)
eG® QL

(i1) S(’lgz,xl ..... X0 = S(gz,Tglxl,S(gl,xl)xz ‘‘‘‘‘ S(gy,xpemerxi - %K) < S(y;.xl,...,xk)a

(iii) both the set {(g x1,..., Xk+1) : Sig,xy,....x0%k+1 € E} and the set
{(8 X15 - - s Xr1) : SghpvxXk+1 € E} belong to #ZQ Bi,,, where E is a
%, . -measurable set. It is easily shown that the system {Z{" *V} of transformations
which is defined by

+1 —
ZéN )(xl’ ety xN+1) - (Tyxh S(g.xl)xzs ey S(q,xl,....xu)xN+1)
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is a measurable measure preserving transformation group. We call this {Z{*+1}
a generalized N-fold skew product flow on (Q¥,,, #%.1, m¥.1). In particular,
if G={e} and S, x,,..., o= S(x,.,..., %0 fOr €ach k, then we have a measure preserving
transformation Z¥*9, Such a transformation Z¥* ¥ is said to be an N-fold skew
product automorphism of the product space, and sometimes we use a symbol
Z®+D jnstead of Z¥+D, From now on we suppose (X, %, m,) is a probability
measure space and, for k=2, X, is a compact Abelian group endowed with the
normalized Haar measure m,, on which a generalized canonical flow {S{¥} is given.
And we handle the generalized N-fold skew product flow {Z{¥*V} given under
certain measurability conditions (see (iii)) as follows:

(6.1) Z§N+1)(x1a coo Xyg1) = (Toxy, By, X1)-Xa .. ., An(g, X1, -+ o5 XN) XN41)s

where A,(g, x,) and Al(g, x4, ..., Xi), k=2, are Borel cycles with respect to {T}}
and {Z{} respectively (see Example 3.3). In the case of G=RY, if each X, (k=2)
is the unit interval with the usual Lebesgue measure m,, and if the flow {S{¥} is a
periodic motion on X, with frequency a; _, in R? defined by S{¥x, = x; + {ax -1, )
(mod 1), then we obtain the ordinary N-fold skew product flow {Z{N*V} with
d-dimensional parameter given by

6.2) ZMND(Xy, . Xyg1)
. = (Tx1, X2 +<ay, aa(t, X1)>, . . ., Xyi1+<ay, ay(t, X1,. . ., Xy)>) (mod 1)

where o(f, x;) and et x4, ..., x;) are Borel cycles with respect to {Ti} and
{Z{®} respectively. Now the theorems in this section can be converted to the case
of the simple skew product systems by replacing the flow {T',} by the flow {Z{¥’}
so that here we state only the corresponding results without their proofs.

THEOREM 6.1. A generalized N-fold skew product flow {Z{"*V} given by (6.1)
is ergodic if and only if the (N —1)-fold skew product flow {Z{¥} is ergodic and, for
any nonunit character Py, 1 € Xyi1, Pxe1(BN(Es X1s - . -, Xx)) ¢ H(QF).

COROLLARY 6.1. Suppose {Z{¥*V} is an ordinary N-fold skew product flow given
by (6.2). Then {Z{N * Y} is ergodic if and only if {Z{™} is ergodic and, for any nonzero
integer p,

exp ip-{ay, axn(t, X1, . . ., xx)) ¢ H(Q¥).

THEOREM 6.2. Let {Z{N*V} be as in Theorem 6.1 and {Z{"} be ergodic. {Z{" *V}
has a proper value function X if and only if there exists a character yy.., in ).
such that Py, 1(Ax(g, X1, . . ., Xy)) is homologous to X(g) with respect to {Z™}.

COROLLARY 6.2. Let {Z"*V} be as in Corollary 6.1 and {Z{™} be ergodic. A is a
proper value of {Z"*V} if and only if there exists an integer p such that

exXp lp <aN’ aN(ta X1s+ 0y xN)>

is homologous to exp i), t) with respect to {Z{"}.
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THEOREM 6.3. Suppose {Z{"*V} is as in Theorem 6.1 and is ergodic. A nonzero
Sunction h(xy, . . ., Xy, 1) in Ly(Q¥ . 1) is a proper function of {Z{N *V} corresponding
to a proper value function X if and only if there exist a function 0(xy, ..., xy) in
T(Q}) and a character $y ., in Xy, such that, for some constant c,

h(xy, ..oy Xne1) = € 0(x1, .. o, XN)Pn42(P)
and

j’N+1(AN(gs X150 xN))')‘(g)—l = G(ng(xlr R ] xN))—le(xl’ DR ] xN)-

THEOREM 6.4. {Z{"*V} being as in Theorem 6.3 has pure point spectrum if and
only if {Z™} has pure point spectrum and the mapping ¢: X — P, is a homomorphism
of S(ZN*V)) onto Ry..1.

In view of this theorem, we can conclude that an ergodic N-fold skew product
dynamical system with pure point spectrum may be essentially regarded as an
ergodic N-fold direct product dynamical system. Next suppose the flow {Z¥+1}
is ergodic and, for each k, 2<k <N, the homomorphism ¢, of s({Z{}) into
s{Z&E+1Y) is given by ¢, (A)=A for any A € s({Z{¥}). Then one obtains an exact
sequence

1) —> s(T) > sz 225 B sqzooy L5 %4,

Further, if the ergodic flow {Z{" *V} has pure point spectrum, then Theorem 6.4
implies that the sequence

(1) —> s(T) 25 sz 22 20, sz oy s £y — (1)

is exact (cf. Remark 5.2). If we call the number of the arrows in an exact sequence
the length of the sequence, the above facts show that there exists an exact sequence
with the length of an arbitrary size.

REMARK 6.1. Consider an N-fold skew product automorphism Z®+1 given
under certain measurability condition as follows:

ZV*D(xy, oy Xngr) = (X1, By(x1) Xy . . oy Ay(X1, -+ o5 Xn) Xns1)s

where, for each k, «(x1,..., x,) is a measurable function defined on Qf taking
values in G and Ay(x,, ..., x) =mlo(Xy, - - -, Xi)). Here m, like that in Example
3.3, stands for a homomorphism of G into Xj,;. The results obtained in this
section have the corresponding analogs for the skew product automorphism
ZW+D Take X=X, for each k, 1 £k S N+1, where X is a compact Abelian group
with the normalized Haar measure m and T to be an ergodic rotation on X;.
If we define

ZWD(xy, ., Xnp1) = (€ X1, X1 X0y o ooy X1° X2 ... Xygp1)

for some c € X;, then ZW+1 becomes a model for the automorphism with quasi-
discrete spectrum of the order N+1 (cf. Abramov [15]).
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7. Concluding remarks.

7.1. The entropy of ordinary skew product flows. The entropy of simple skew
product automorphisms has been calculated in Adler [16], Abramov and Rohlin
[17] and Newton [18]. On taking advantage of a slight modification of the method
of Newton [18] using Abramov’s formula [19] for a special flow, we can calculate
the entropy of ordinary N-fold skew product flow with one-dimensional parameter.
To show this, it is sufficient to consider the simple skew product flow.

Let{T; : t € R'} be a measurable flow on a normalized Lebesgue space (X, %, mx)
and {S;: r€ R'} be a measurable flow on another normalized Lebesgue space
(Y, %, my). For the theory of Lebesgue space and entropy of flows, refer to
Rohlin [20] and Abramov [19]. Now we consider a simple skew product flow
{Z;} of {T} and {S,} built up by a Borel cycle «(t, x) with respect to {T;} such that
0<e«(l, x)<oo for all x € X and [, «(1, x) dmy <co. We can show the following:

(Zy) = WT)+ j h(Su, ) drz,

from which we see that if {7} and {S,} have pure point spectrum, then {Z,} has zero
entropy.

7.2. Isomorphism between ordinary simple skew product flows. Here we treat
the case in which two spaces X and Y are the unit interval with the usual Lebesgue
measure, and consider the periodic motion {T; : ¢ € R%} on X with frequency a and
the periodic motion {S; : # € R%} on Y with frequency b. Let {Z{"} be an ergodic
ordinary simple skew product flow of {7;} and {S;} built up by a Borel cycle «(z, x)
and {Z{?} be another ergodic ordinary simple skew product flow of the above-
stated flows built up by another Borel cycle (¢, x). Then we have the undermen-
tioned result which is an analogue of Anzai [1]: the flow {Z{V} is spatially
isomorphic to the flow {Z{®} if and only if between the Borel cycles «(z, x) and
B(t, x) there exists the following relation:

<b, a(t, x)>—<b, B(t, x+u)) = arg 0(x)—arg 6(T;x) (mod 2m)
or
(b, oft, x))+<b, B(t, x+u)) = arg 6(x)—arg (T,x) (mod 2m),
where 6(x) is a function of I'(X) and u is an element of X. In this case, if @ is the
isomorphism, then it is given by the form
O(x, y)> = (x+u, arg 6(x)+y) (mod 2x)
or
D(x, y)) = (x+u, arg 6(x)—y) (mod 2m).
7.3. Random ergodic theorem. Let {T,: t€ R'} be a measurable flow on a

finite measure space (X, %, my) and o(t, x) a Borel cycle with respect to it. Suppose
there is a family {S, .} of automorphisms of another finite measure space
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(Y, &%, my) such that the set {(#, X, ¥) : Sy, 0y € E} is B' @ Fx @ Fy-measurable
for any E € %,. Then the following generalizes the Anzai result [3]:

RANDOM ERGODIC THEOREM. For any function fe L,(Y) with 1<p<oo, there
exists an my-null set Ny in X such that for any x € X— Ny, there exists a function
S*(x,y) in L(Y) such that

tim 7 [ f(Sueuny) dt = 145, 3),

T
e
lim ~ | f(Sue.0) dt = f9)
r—-0+ 0
and
1T
tim | 2 [ fSuor) di=f*e )| =0,
T 0 Lp(Y)

For the further developed theory of random ergodic theorem, refer to the
author [9].

7.4. Stability of Gaussian flows. The stable property coincides with the mixing
property on each ergodic part of a given dynamical system.

Let {x(t, w) : —o0<t<oo} be a real measurable stationary Gaussian process
on a probability space (Q, Z, P) with the mean E{x(¢)}=0 for all . A Gaussian
flow {T}} induced by the process is given by x(s, Tiw)=x(s+1, w) for all ¢. Let {S;}
be a measurable flow on another probability space (Q*, 2*, P*) with pure point
spectrum and let us define a skew product flow {Z;} of {T;} and {S;} as follows:

(*) Z,(w, w*) = (Tz‘”, Sx(t,w)—x(o,w)w*)-

Then if {T}} is strongly stable, the flow {Z,} is all order stable. Although {T}} is a
Kolmogorov flow and {S;} is ergodic, {Z,} is not ergodic (see Kin [4]).

Next let us consider a Brownian motion {x(¢, w) : —c0<t<o0} on (Q,Z, P)
and a flow {T}} of the Brownian motion which is given by Ax(I, T,w)=Ax(I+1, w),
where Ax(I, w)=x(b, w)—x(a, w) for I=[a, b). If {S,} is an ergodic measurable flow
on (Q*, X* P*), then the skew product flow {Z;} of {T;} and {S;} given by (*) is
strongly mixing (see Anzai [3]). Furthermore, if the ergodic flow {S;} has pure
point spectrum, {Z,} is all order mixing (see Kin [4]).

These phenomena cannot be observed in the direct product dynamical systems.
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